We outline a general method of constructing finite-range cloaking potentials which render a given finite-range real or complex potential v(x) unidirectionally reflectionless or invisible at a wavenumber k0 of our choice. We give explicit analytic expressions for three classes of cloaking potentials which achieve this goal while preserving some or all of the other scattering properties of v(x). The cloaking potentials we construct are the sum of up to three constituent unidirectionally invisible potentials. We also discuss their application in making v(x) bidirectionally invisible at k0, and demonstrate the application of our method to obtain anti-reflection and invisibility cloaks for a Bragg reflector.
I. INTRODUCTION
The discovery of the methods of conformal mapping [1] and transformation optics [2] combined with the mind boggling possibilities offered by metamaterials have recently led to a rapid progress towards the realization of invisibility cloaks in two and three-dimensions [3] . The one-dimensional analogue of this problem is that of developing suitable antireflection coatings [4, 5] , a subject which is intimately related with the old problem of characterizing reflectionless potentials. In Ref. [6] , Kay and Moses use the powerful tools of inverse scattering theory [7] to provide a systematic method of dealing with this problem. The authors of Refs. [8, 9] propose a method of constructing realistic antireflection coatings that is based on the results of Kay and Moses. Here a serious problem is that the reflectionless potentials obtained by Kay and Moses have an infinite-range. In the present article, we offer a complete solution of the problem of constructing finite-range invisibility cloaking potentials (refractive index profiles). Specifically, given an arbitrary real or complex finite-range potential v(x) and a wavenumber k 0 , we construct finite-range cloaking potentials v c (t) such that v(x) + v c (x) is unidirectionally reflectionless or invisible at k 0 .
We recall that the reflection and transmission amplitudes, R l/r (k) and T (k), of a scattering potential determine the asymptotic form of the left-and right-incident scattering solutions ψ l/r (x) of the schrödinger equation, −ψ ′′ (x) + v(x)ψ(x) = k 2 ψ(x), according to
The same applies for Helmholtz equation, ψ ′′ (x) + k 2 n (x) 2 ψ(x) = 0, with the refractive index given by
For simplicity of presentation, we choose an arbitrary but fixed value of the wavenumber k, which we label by k 0 , and use the symbols T and R l/r to denote T (k 0 ) and
The study of unidirectionally invisible potentials [10] [11] [12] has recently attracted a great deal of attention, because they offer an interesting method of modeling certain oneway optical devices [11] . A remarkable property of these potentials is their unique role in a recently developed inverse scattering scheme which allows for the construction of finite-range potentials supporting scattering properties of one's choice at any prescribed wavenumber [13] . The following theorem provides a precise statement of this result.
Theorem 1: Let k 0 be a positive real number, and R l , R r , and T be arbitrary complex numbers such that T = 0. Then there is a finite-range potential v(x) with the following properties.
The reflection and transmission amplitudes of v(x)
at k = k 0 are respectively given by R l/r = R l,r and T = T ; 2. If R l = R r = 0 and T = 1, v(x) is the sum of four unidirectionally invisible finite-range potentials with mutually disjoint support [14] .
is the sum of at most three unidirectionally invisible finite-range potentials with mutually disjoint support. This theorem highlights the importance of constructing a concrete model for unidirectionally invisible potentials. This is also achieved in Ref. [13] . The following is a summary of this construction.
Given a nonzero complex number R, let
where
m is an arbitrary integer, n and α are respectively a positive integer and a positive real number satisfying
L n := πn/k 0 , and ϕ is the principal argument (phase angle) of R, i.e., ϕ
) is a left-invisible (respectively right-invisible) potential with the right (respectively left) reflection amplitude R, [13] . Note that because m can take arbitrary integer values, we can choose it so that the support of v r/l R (x) lies to the left or right of any point or finite interval.
The main technical tool that we employ in the present investigation is the transfer matrix M of the onedimensional potential scattering [15, 16] . We can express it in terms of reflection and transmission amplitudes according to
Throughout this article we make repeated use of the following so-called composition property of the transfer matrix: Suppose that v ± (x) are scattering potentials with support I ± and transfer matrix M ± . If I − lies to the left of I + (which we denote by I − ≺ I + ), the transfer matrix
II. OPTIMAL UNIDIRECTIONAL INVISIBILITY CLOAKS
Suppose that v(x) is an arbitrary finite-range potential with support I and reflection and transmission amplitudes, R l/r and T , so that its transfer matrix M is given by (6) . Theorem 1 implies the existence of finiterange potentials u ± (x) with support I ± and reflection and transmission amplitudes, R l/r ± and T ± , such that I − ≺ I ≺ I + and (for k = k 0 ),
In view of (6), the transfer matrix M ± of u ± (x) at k 0 takes the form
Because, I − ≺ I ≺ I + , the composition property of the transfer matrix implies that the transfer matrix of v(x)+ u − (x) and v(x) + u + (x) are respectively given by
This shows that v(x) + u − (x) is left-invisible and has the same right reflection amplitude as v(x), and v(x)+u + (x) is right-invisible and has the same left reflection amplitude as v(x). Therefore, u ± (x) are unidirectionally reflectionless potentials that serve as unidirectional invisibility cloaks for v(x). Notice also that their presence does not affect the reflection amplitude of v(x) from the side where v(x) + u ± (x) is visible. In this sense u ± (x) are optimal cloaking potentials. Suppose that not both R l and R r vanish. Then, according to Theorem 1, we can construct u ± (x) using three unidirectionally invisible potentials, which we denote by u j± (x) with j = 1, 2, 3.
We identify u j± (x) with a finite-range potential having the domain I j± and the transfer matrix M j± such that I 1± ≺ I 2± ≺ I 3± and
Then, it is easy to check that
This shows that we can take
Notice that the construction of the optimal cloaking potential u − (x) (respectively u + (x)) is desirable only if R l = 0 (respectively R r = 0). According to (12) - (14), M j− (respectively M j+ ) exists precisely for this case.
The above analysis reduces the construction of the optimal clocking potentials u ± (x) to that of the finite-range unidirectionally invisible potentials u j± (x). We can employ the model introduced in (1) and (2) to give explicit expressions for the latter. The potentials u ± (x) that we obtain in this way define optimal unidirectional invisibility cloaks that eliminate the reflection of plane waves with wavenumber k 0 from one direction, set the transmission amplitude to unity, but do not affect the reflection amplitude of v(x) from the other direction. These invisibility cloaks correspond to planar slabs consisting of three optically active layers with particular locally periodic gain-loss profile and adjustable gaps in between.
III. NON-OPTIMAL UNIDIRECTIONAL INVISIBILITY CLOAKS
In this section we examine cloaking potentials that render the original potential invisible from one direction but do alter its reflection feature from the other direction.
Consider the finite range potentialsǔ ±ℓ (x) with ℓ = 1, 2 such that their supportǏ ±ℓ and transfer matrixM ±ℓ satisfy
Comparing these relations with (6), we see thatǔ ±ℓ (x) are unidirectionally invisible potentials with reflection amplitudeŘ l/r j± given byŘ
Now, letǔ ± (x) :=ǔ 1± (x) +ǔ 2± (x). Then, in view of Eqs. (16) - (18), the transfer matrix of the potentials v(x) +ǔ − (x) and v(x) +ǔ + (x) are respectively given by
These in turn identifyǔ ± (x) with a pair of unidirectional invisibility cloaks which are not necessarily optimal; the addition ofǔ − (x) makes v(x) left-invisible but changes its right reflection amplitude to R r − T (T − 1)/R l , while the addition ofǔ + (x) makes v(x) right-invisible and changes its left reflection amplitude to R l − T (T − 1)/R r . Again we can use the model described by (1) and (2) to give explicit formulas for the constituent unidirectionally invisible potentialsǔ ℓ± (x) and consequently the cloaking potentialsǔ ± (x). The advantage of the latter over their optimal analogues, namely u ± (x), is that they correspond to planar slabs consisting of two optically active layers.
IV. OPTIMAL UNIDIRECTIONAL ANTIREFLECTION CLOAKS AND BIDIRECTIONAL INVISIBILITY
It is not difficult to see that we can construct (singlelayer) cloaking slabs described by unidirectionally invisible potentials w ± (x) whose addition to v(x) yields a unidirectionally reflectionless potential. As suggested by (11), we can identify w ± (x) with finite-range potentials whose support J ± and transfer matrix N ± fulfil J − ≺ I ≺ J + and
i.e., w − (x) is a right-invisible potential with leftreflection amplitude −R l , while w + (x) is a left-invisible potential with right-reflection amplitude −R r . Using (6) and (23) to compute the transfer matrix of v(x) + w ± (x), we find that the v(x) + w − (x) (respectively v(x) + w + (x)) is a left (respectively right) reflectionless potential with the same right (respectively left) reflection and transmission amplitudes as v(x). Therefore, w ± (x) are optimal reflectionless cloaking potentials, for they eliminate the reflection for one direction, but do not alter any other scattering feature of v(x) (albeit for the wavenumber k 0 .) A concrete choice for w − (x) (respectively w + (x)) is the potential v r −R l (x) of Eq. (1) (respectively v l −R r (x) of Eq. (2).) Next, consider using the cloaking potentialsû ± (x) together with w ∓ (x). If we adjust the parameters of the latter so that the left (respectively right) reflection amplitude of w − (x) (respectively w + (x)) coincides with
, both the potentials v(x)+û ± (x)+w ∓ (x) become bidirectionally invisible, i.e., their transfer matrix coincides with the identity, at k = k 0 . Notice that the support of v(x) lies between those ofû ± (x) and w ∓ (x); more specifically, we haveǏ 1− ≺Ǐ 2− ≺ I ≺ J + and J − ≺ I ≺Ǐ 1+ ≺Ǐ 2+ .
V. APPLICATION TO A BRAGG REFLECTOR
Consider the application of the results of the preceding section in the construction of unidirectional invisibility and antireflection cloaks for the following locally periodic potential, which corresponds to a 1.06 µm Bragg reflector made out of ZnS [4] .
where n 0 = 2.29, n 1 = 0.01, K = 2π/Λ, Λ = 232 nm, and L = 250Λ = 58 µm. Our aim is to construct various cloaking potentials to achieve unidirectional reflectionlessness and invisibility of the cloaked system at the wavelength λ 0 = 1064 nm. Because of the symmetry of the problem, we confine our attention to the construction of left-invisibility and left-antireflection cloaking potentials.
We can easily use the results of Refs. [17, 18] to compute the reflection and transmission amplitudes of the potential (24) numerically. For λ 0 = 1064 nm, which corresponds to k 0 = 5.90525/µm, they are given by
In particular, for the reflection and transmission coefficients, |R
A. Antireflection cloaking potential w−(x) As we mentioned above, a concrete realization of w − (x) is provided by the potentials of the form (1) with
We only need to make proper choices for the parameters m, n, and α appearing in the expression for v . The latter corresponds to a 133 µm-thick slab placed at a distance of about 1 cm to the left of the Bragg reflector. Note that by taking smaller and larger values of m we can adjust the distance between the Bragg reflector and the clocking slab. A remarkable property of the cloaking potential (29) is that it displays broadband right invisibility; in the spectral range depicted in Fig. 1 , |R r | and |T −1| are respectively bounded by 9 × 10 −7 and 6 × 10 −6 . Figure 2 shows the graphs of the left reflection coefficient for the Bragg reflector potential v b (x), the clocking potential w − (x), and v b (x) + w − (x) for the above-given choice of the parameters n, m, and α. The cloaking effect happens to be restricted to a narrow spectral band of less than 1 nm in width. Notice however that this is an extreme example where we attempt to make a mirror reflectionless. In order to construct the cloaking potentialǔ − (x) for the Bragg reflector potential v b (x), we use the model given by (1) and (2) to determine a concrete realization of the unidirectional invisible potentialsǔ 1− (x) andǔ 2− (x). In view of (19), we seť
We also take the following values for the parameters m, n, and α that enter the expression for v respectively.
These correspond to a pair of 133 µm-thick parallel planar slabs placed on the left of the original Bragg reflector slab such that the distance between neighboring slabs is 1 cm. Figure 3 shows the graphs of the left reflection coefficient for v b (x) before and after adding the cloaking potential,
and the graph of |T − 1| for v b (x) +ǔ − (x). These graphs confirm the left-invisibility of v b (x)+ǔ − (x) within a very narrow spectral band centered at λ = 1064 nm.
VI. CONCLUDING REMARKS
The discovery that certain complex scattering potentials can display unidirectional invisibility is important, for they possess nonreciprocal scattering features that might find important applications in optical circuitry. This constituted the initial motivation for the study of these potentials [11, 12] . Recently, it became clear that unidirectional invisible potentials played a central role in scattering theory, in the sense that they could be used to construct scattering potentials with any desired scattering properties at any prescribed wavenumber [13] .
In the present article we have employed this property of unidirectional invisible potentials to outline a method for the construction of various cloaking potentials which make a given finite-range real or complex potential unidirectionally reflectionless or invisible at an arbitrary wavenumber of our choice. Our method relies on the use of up to three finite-range unidirectionally invisible potentials that admit explicit close-form expressions.
In the application of our method for the Bragg reflector, the cloaking action is confined to a spectral band centered at the desired wavelength which can be as narrow as a small fraction of a nanometer. However, we should like to stress that the width of this band can be increased by a proper choice of the constituent unidirectionally invisible potentials. In this article, we have confined our attention to the class of unidirectionally invisible potentials (1) and made essentially arbitrary choices for their parameters. Our method should, in principle, allow for wideband cloaking action, if we can supplement it with an optimization procedure to select the optimal choices for the constituent unidirectionally invisible potentials. This is a subject of a future investigation.
